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Abstract
We establish a general theorem for a wide class of sequences of superlinear operators {Tn : L1(I 2) → L0(I 2), n = 1, 2, . . .}
about existence of a function g from a certain class Lφ(L) such that the sequence of functions {Tn(g), n = 1, 2, . . .} is essentially
unbounded in measure on I 2. This theorem implies several results about divergence of sequences of classical operators.
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1. Introduction
We start with the following definitions.
Let µN , N = 1, 2, . . . , denote Lebesgue measure in the Euclidean space RN and I denote the interval [0, 1]. For
a number h ∈ (0, 1), by Ih we will denote the interval [0, 1− h].
If F is a Lebesgue measurable set in RN , with 0 < µN F < ∞, then let L0(F) denote the set of all Lebesgue
measurable functions on F that are a.e. finite on F .
A set Q of Lebesgue measurable functions on F is called bounded in measure on F if for any ε > 0 there is a
constant R > 0 such that µ2{(x, y) ∈ F : | f (x, y)| ≥ R} ≤ ε for any function f ∈ Q.
A sequence { fn(x, y) : n = 1, 2, . . .} of Lebesgue measurable functions on F is called bounded in measure on F
if the set Q consisting of the members of the sequence { fn(x, y) : n = 1, 2, . . .} is bounded in measure.
A sequence {gn(x, y) : n = 1, 2, . . .} of Lebesgue measurable functions on F is called essentially unbounded in
measure on F if for any Lebesgue measurable set E ⊂ F , µ2 E > 0, the sequence {gn(x, y) : n = 1, 2, . . .} is not
bounded in measure on E .
An operator T : L1(I 2)→ L0(I 2) is called superlinear [1, p. 131] if for any f0 ∈ L1(I 2) there is a linear operator
G f0 : L1(I 2)→ L0(I 2) such that
G f0( f0)(x, y) = T ( f0)(x, y) (1)
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and
|G f0( f )(x, y)| ≤ |T ( f )(x, y)| for any f ∈ L1(I 2) (2)
and for almost all points (x, y) in I 2.
We mention the following properties of superlinear operators [1, p. 131]: for all functions f, g ∈ L1(I 2) and any
real number k we have
|T ( f + g)(x, y)| ≤ |T ( f )(x, y)| + |T (g)(x, y)|,
|T (k f )(x, y)| = |k||T ( f )(x, y)|,
|T ( f + g)(x, y)| ≥ |T ( f )(x, y)| − |T (g)(x, y)|
for almost all points (x, y) ∈ I 2.
A superlinear operator T : L1(I 2)→ L0(I 2) is said to be bounded in measure on I 2 if the set
Q := {T ( f ) : ∥ f ∥L1 ≤ 1}
is bounded in measure on I 2.
For each pair of numbers (θ, η) ∈ I 2h and a number h ∈ (0, 1) introduce the function of two variables (x, y) defined
on I 2 by
δθ,η,h(x, y) :=

h−2, if (x, y) ∈ [θ, θ + h] × [η, η + h];
0, otherwise on I 2.
(3)
The kernel of a superlinear operator T : L1(I 2)→ L0(I 2) is the function
K (x, y, θ, η) := lim
h→0 T (δθ,η,h(., .))(x, y), (x, y, θ, η) ∈ I
4,
provided the limit exists for a.e. (x, y, θ, η) ∈ I 4.
The system of Rademacher functions {rn(x)}∞n=0 on [0, 1) is defined as follows
r0(x) :=

1, if 0 ≤ x < 1
2
,
−1, if 1
2
≤ x < 1
(4)
and let r0(x) be continued to (−∞,∞) with period 1. For n ≥ 1 define
rn(x) := r0(2n x). (5)
Definition 1 ([2]). Let (X,Σ , ν) be σ -finite measure space, E ∈ Σ and ν(E) > 0. Let also a sequence of measurable
real-valued functions { fn(x)}∞n=1 be defined and a.e. finite on E . Then we say that the sequence { fn(x)}∞n=1 is
essentially divergent in measure on E if for every E1 ⊂ E with E1 ∈ Σ and ν(E1) > 0, the sequence is divergent in
measure (that is, does not converge in measure to an a.e. finite and measurable function) on E1.
Definition 2 ([2]). Let {ϕn(x)}∞n=1 be a complete orthonormal system on I := [0, 1] such that ϕ1(x) = 1 on I ; each
function ϕn(x) is a bounded function on I ; there exists an integer N > 1 such that for every positive integer n there
exists a number k(n) such that ϕn(N x) = ϕk(n)(x) and for any 1 ≤ n1 < n2 we have k(n1) < k(n2). Then we say
that the system {ϕn(x)}∞n=1 is a system of type T.
Note that the trigonometric system (contracted on I ) is a system of type T (with arbitrary integer N ≥ 2). The
Walsh system in Paley’s numeration also is a system of type T with N = 2l where l is an arbitrary positive integer.
A.N. Kolmogorov [3, p. 267] proved that all trigonometric Fourier series converge in measure on [0, 2π ]. S.V.
Konyagin [4] and the author of this paper [5] constructed a double trigonometric Fourier series that diverges in measure
by squares on [0, 2π ]2.
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Later we proved [6] the following.
Theorem 1 (R. Getsadze). Let {ϕk(x)}∞k=1 be an arbitrary uniformly bounded orthonormal system (ONS) on I . Then
there exists an integrable function on I 2 whose Fourier series with respect to the product system {ϕk(x)ϕl(y)}∞k,l=1
diverges in measure by squares on I 2.
The following theorem was proved in [2] (see p. 27).
Theorem 2 (M.I. Dyachenko; K.S. Kazaryan, P. Sifue´ntes). Let {ϕm(x)}∞m=1 be a uniformly bounded ONS on I that is
a system of type T. Suppose that there exists a function g0 ∈ L(I 2) such that the Fourier series of g0 with respect to the
product system {ϕm(x)ϕn(y)}∞m,n=1 unboundedly diverges in measure by squares on I 2. Then there exists a function
f0 ∈ L(I 2) such that the Fourier series of f0 with respect to the product system {ϕm(x)ϕn(y)}∞m,n=1 essentially
diverges in measure by squares on I 2.
From the last two theorems it follows that there exists a function g ∈ L([0, 2π ]2) such that it is double
trigonometric Fourier series essentially diverges in measure by squares on [0, 2π ]2. The theorems imply also similar
results for the double Walsh–Paley system on I 2.
On the other hand, using uniform weak (1, 1) type property for the sequence of partial sums of one-dimensional
Fourier trigonometric series and using standard method of iteration we can conclude that the double Fourier trigono-
metric series of functions from the class L ln+ L([0, 2π ]2) converge in measure by rectangles. Similar statement is
valid for the double Walsh–Paley system. It is natural to ask the following question: what is the “exact statement” in
the sense of Lφ(L) classes of essential divergence in these cases. In this paper we will prove the following general
theorem that will imply the answers on this question.
Theorem 3. Let φ(u) be a nonnegative, continuous and nondecreasing function on [0,∞) such that uφ(u) is a convex
function on [0,∞).
Let {Tn : L1(I 2) → L0(I 2), n = 1, 2, . . .} be a sequence of superlinear operators that are bounded in measure
on I 2. Suppose also that for every f ∈ L2(I 2) the sequence {Tn( f )(x, y), n = 1, 2, . . .} is bounded in measure on
I 2 and let Kn(x, y, θ, η) be the kernel for Tn , that satisfies the following condition
∥Kn(x, y, θ, η)∥∞ <∞, (6)
where the norm is taken with respect to four variables and may depend on n.
Suppose that for any Lebesgue measurable set E, E ⊂ I 2, µ2 E > 0 and for each integer n > n0(E) there exist:
positive numbers hn , ξn(E), ϵn(E) and a Lebesgue measurable set En , En ⊂ E, µ2 En ≥ γ1µ2 E such that: For each
set F ⊂ En , whose Lebesgue measure µ2 F ≥ γ16 µ2 E, there exists a positive number λn(F) with the property
µ4{(x, y, θ, η) ∈ F × I 2 : |Kn(x, y, θ, η)| ≥ λn(F)} ≥ ξn(E)
λn(F)
> 0, (7)
lim
n→∞ ξn(E) = ∞ and limn→∞ ϵn(E) = 0, (8)
φ(h−2n ) ≤ ϵn(E)ξn(E), (9)
µ4{(x, y, θ, η) ∈ E × I 2tn : |Tn(δθ,η,hn )(x, y)− Kn(x, y, θ, η)| > 1} ≤
ξn(E)
20∥Kn(x, y, θ, η)∥∞ (10)
and
hn ≤ tn,
where
tn := ξn(E)50∥Kn(x, y, θ, η)∥∞ (11)
and γ1 is a positive constant, independent of n, the set E and (x, y).
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Then there exists a function g ∈ L1(I 2) such that
I 2
|g(x, y)|φ(|g(x, y)|)dxdy <∞,
and the sequence of functions {Tn(g)(x, y), n = 1, 2, . . .}, is essentially unbounded in measure on I 2.
Using Theorem 3 we can prove the following two theorems.
Theorem 4. Let φ(u) be a nonnegative, continuous and nondecreasing function on [0,∞) such that uφ(u) is a convex
function on [0,∞) and
φ(u) = o(ln u) (u →∞). (12)
Then there exists a function g1 ∈ L1(I 2) such that
I 2
|g1(x, y)|φ(|g1(x, y)|)dxdy <∞,
and the sequence of the square partial sums of the double Fourier–Walsh–Paley series of g1 is essentially unbounded
in measure on I 2.
Theorem 5. Let φ(u) be a nonnegative, continuous and nondecreasing function on [0,∞) such that uφ(u) is a convex
function on [0,∞) and
φ(u) = o(ln u) (u →∞).
Then there exists a function g2 ∈ L1(I 2) such that
I 2
|g2(x, y)|φ(|g2(x, y)|)dxdy <∞,
and the sequence of the square partial sums of the double trigonometric Fourier series of g2 is essentially unbounded
in measure on I 2.
We will give in this paper the proofs of Theorems 3 and 4. The proof of Theorem 5 is similar to the proof of
Theorem 4.
Unboundedness in measure of sequences of superlinear operators was studied earlier by us in [7].
2. Proof of Theorem 3
Set
ψ(u) := uφ(u).
It is clear that (see (7))
sup
F : F⊂En ,µ2 F≥ γ16 µ2 E
λn(F) ≤ ∥Kn(x, y, θ, η)∥∞. (13)
We will prove the following.
Lemma 1. Under the conditions of Theorem 3, for an arbitrary Lebesgue measurable set E ⊂ I 2, µ2 E > 0 and a
number n > n0(E) there exists a function Ψn(x, y) = Ψn(x, y; E) ∈ L∞(I 2), ∥Ψn∥L1(I 2) ≤ 1, such that
I 2
ψ(Ψn(x, y))dxdy ≤ ϵn(E)ξn(E) (14)
and
µ2

(x, y) ∈ E : |Tn(Ψn)(x, y)| ≥ 9ξn(E)20

≥ γ1
36
µ2 E, (15)
where γ1 is a positive constant given in Theorem 3 and is independent of n, the set E and (x, y).
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Introduce the sets
Pn(F) := {(x, y, θ, η) ∈ F × I 2 : |Kn(x, y, θ, η)| ≥ λn(F)} (16)
and
Qn := {(x, y, θ, η) ∈ E × I 2tn : |Tn(δθ,η,hn )(x, y)− Kn(x, y, θ, η)| > 1}. (17)
We shall show that for each n > r0(E) (r0(E) is a positive constant that may depend on E) there exist a positive
integer p(n) and the following finite sequences: a sequence of disjoint measurable sets {B(n)i }p(n)i=1 , B(n)i ⊂ En ,
i = 1, 2, . . . , p(n); a sequence of positive numbers {λ(n)i }p(n)i=1 and a sequence of pairs of numbers {(θ (n)i , η(n)i )}p(n)i=1 ,
(θ
(n)
i , η
(n)
i ) ∈ I 2tn , i = 1, 2, . . . , p(n), such that
|Tn(δθ (n)i ,η(n)i ,hn )(x, y)− Kn(x, y, θ
(n)
i , η
(n)
i )| ≤ 1 (x, y) ∈ B(n)i i = 1, 2, . . . , p(n), (18)
µ2{∪p(n)i=1 B(n)i } ≥
γ1
6
µ2 E > 0, (19)
µ2{B(n)i } ≥
ξn(E)
λ
(n)
i
for all i = 1, 2, . . . , p(n), (20)
|Kn(x, y, θ (n)i , η(n)i )| ≥
9
10
λ
(n)
i for all (x, y) ∈ B(n)i , i = 1, 2, . . . , p(n). (21)
Indeed, introduce the set
A(n)1 := Pn(En) ∩ ((E × I 2tn ) \ Qn). (22)
It is clear that (see (16), (17))
Pn(En) = Pn(En)

(E × I 2)
= Pn(En)
 
[(E × I 2) \ Qn]

Qn

=

Pn(En)

[(E × I 2) \ Qn]
 
Pn(En)

Qn

.
Now it follows that (see (16), (17), (7), (10))
ξn(E)
λn(En)
≤ µ4{Pn(En)} = µ4

Pn(En)

[(E × I 2) \ Qn]

+ µ4

Pn(En)

Qn

≤ µ4

Pn(En)

[(E × I 2) \ Qn]

+ ξn(E)
20∥Kn(x, y, θ, η)∥∞
and, consequently (see (13)),
µ4

Pn(En)

[(E × I 2) \ Qn]

≥ ξn
λn(En)
− ξn
20λn(En)
. (23)
We note that
Pn(En)

[(E × I 2) \ Qn] ⊂

Pn(En)

[(E × I 2tn ) \ Qn]

E × (I 2 \ I 2tn )

,
that implies the following inequalities (see (11), (22), (23))
ξn
λn(En)
− ξn
20λn(En)
≤ µ4

Pn(En)

[(E × I 2) \ Qn]

≤ µ4

Pn(En)

[(E × I 2tn ) \ Qn]
+ µ4E × (I 2 \ I 2tn )
≤ µ4{A(n)1 } + 2tn ≤ µ4{A(n)1 } +
2ξn
50λn(En)
.
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Now it is obvious that (see (22))
µ4{A(n)1 } =

En

I 2tn
χ
A(n)1
(x, y, θ, η)dxdydθdη ≥ 9ξn
10λn(En)
,
where χ
A(n)1
(x, y, θ, η) is the characteristic function of the set A(n)1 .
Using Fubini’s theorem we conclude that there exists a pair of numbers
(θ
(n)
1 , η
(n)
1 ) ∈ I 2tn
such that
µ2{(x, y) ∈ En : (x, y, θ (n)1 , η(n)1 ) ∈ A(n)1 } ≥
9ξn
10λn(En)
.
Now we let
B(n)1 := {(x, y) ∈ En : (x, y, θ (n)1 , η(n)1 ) ∈ A(n)1 }
and
λ
(n)
1 :=
10λn(En)
9
.
From (16) to (22) we see that the first step in the construction is completed.
We now assume that the pth step of the construction is complete. If it happens that
µ2{∪pi=1 B(n)i } ≥
γ1
6
µ2(E) > 0,
then the construction is complete.
Suppose, in the contrary, that
µ2{∪pi=1 B(n)i } <
γ1
6
µ2(E).
Then we let
F := En \ ∪pi=1 B(n)i .
According to one of the conditions of Theorem 3 we have µ2 En ≥ γ1µ2(E). Consequently, we have
µ2{En \ ∪pi=1 B(n)i } ≥
γ1
6
µ2(E) > 0.
Introduce the set
A(n)p+1 := Pn(En \ ∪pi=1 B(n)i ) ∩ ((E × I 2tn ) \ Qn).
It is clear that (see (16), (13), (17), (11))
En\∪pi=1 B(n)i

I 2tn
χ
A(n)p+1
(x, y, θ, η)dxdydθdη ≥ 9ξn
10λn(En \ ∪pi=1 B(n)i )
where χ
A(n)p+1
(x, y, θ, η) is the characteristic function of the set A(n)p+1.
Using Fubini’s theorem we conclude that there exists a pair of numbers (θ (n)p+1, η
(n)
p+1) ∈ I 2tn such that
µ2{(x, y) ∈ En \ ∪pi=1 B(n)i : (x, y, θ (n)p+1, η(n)p+1) ∈ A(n)p+1} ≥
9ξn
10λn(En \ ∪pi=1 B(n)i )
. (24)
Now we let
B(n)p+1 := {(x, y) ∈ En \ ∪pi=1 B(n)i : (x, y, θ (n)p+1, η(n)p+1) ∈ A(n)p+1} (25)
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and
λ
(n)
p+1 :=
10λn(En \ ∪pi=1 B(n)i )
9
. (26)
From (24), (25), (26), (16), (17), (18), (21), (20) we see that the p + 1-st step in the construction is complete.
It follows now from the construction (see (13), (20)) that after the pth step we have
µ2(∪pi=1 B(n)i ) =
p
i=1
µ2 B
(n)
i ≥
9pξn
10∥Kn(x, y, θ, η)∥∞
and, consequently, this inequality cannot hold for sufficiently large numbers p. We can conclude now that the con-
struction terminates at some finite step p(n).
Now we introduce the functions defined on I 2 by (i = 1, 2, . . . , p(n)) (see (3))
f (n)i (x, y) := δθ (n)i ,η(n)i ,hn (x, y) =

h−2n , if (x, y) ∈ [θ (n)i , θ (n)i + hn] × [η(n)i , η(n)i + hn];
0, otherwise.
(27)
Introduce the functions
Φ(t)n (x, y) =
p(n)
i=1
ξn(E)
λ
(n)
i
f (n)i (x, y)ri (t) where (x, y, t) ∈ I 2 × [0, 1), n > r0(E), (28)
where {ri (t), i = 1, 2, . . .} is the Rademacher system.
Consider the set
Hn =
p(n)
i=1
B(n)i . (29)
Let (x, y) be any point from Hn . Then for some positive integer i0 = i0(x, y), 1 ≤ i0 ≤ p(n), we have (see (18),
(7), (8), (29))
|Tn( f (n)i0 )(x, y)| ≥
9
10
λ
(n)
i0
− 1 ≥ 9
20
λ
(n)
i0
, (n > n0(E)). (30)
Clearly (see (28), (27), (20)), Φ(t)n (x, y) ∈ L1(I 2) for each fixed t ∈ [0, 1). According to the definition of super-
linear operators (see (1), (2)) there exists a linear operator G(n)i0 : L1(I 2)→ L0(I 2) such that
G(n)i0 ( f
(n)
i0
)(x, y) = Tn( f (n)i0 )(x, y)
and
|G(n)i0 ( f )(x, y)| ≤ |Tn( f )(x, y)| for any f ∈ L1(I 2)
and a.e.
Further it follows from (28) that for any t ∈ [0, 1)
|Tn(Φ(t)n )(x, y)| ≥ |G(n)i0 (Φ(t)n )(x, y)|
=
ri0(t) ξn(E)λ(n)i0 Tn( f
(n)
i0
)(x, y)+

i≠i0
ri (t)
ξn(E)
λ
(n)
i
G(n)i0 ( f
(n)
i )(x, y)
 . (31)
The following easily verifiable fact is well known (see for example [8, p. 10]): Let
m
i=1 airi (t) be an arbitrary
polynomial with real coefficients in the Rademacher system and i0 a fixed integer, 1 ≤ i0 ≤ m. Then
µ1

t ∈ [0, 1) : ai0ri0(t)

i≠i0
airi (t) ≥ 0

≥ 1
2
.
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Introduce the set
Q :=

(x, y, t) ∈ Hn × [0, 1) : |Tn(Φ(t)n )(x, y)| ≥
9
20
ξn(E)

. (32)
According to (31) and (30) we conclude that for all (x, y) ∈ Hn we have the inequality 1
0
χQ(x, y, t)dt ≥ 12 ,
where χQ(x, y, t) is the characteristic function of Q. Therefore (cf. (19), (29))
Hn
 1
0
χQ(x, y, t)dxdydt ≥ γ112µ2(E).
Consequently, there exists a number t0 ∈ [0, 1) such that
Hn
χQ(x, y, t0)dxdy ≥ γ112µ2(E).
From (32) now we see that
µ2

(x, y) ∈ Hn : |Tn(Φ(t0)n )(x, y)| ≥
9
20
ξn(E)

≥ γ1
12
µ2(E). (33)
We observe that (see (28), (27) and (20)) 1
0
 1
0
|Φ(t0)n (x, y)|dxdy ≤
p(n)
i=1
ξn(E)
λ
(n)
i
≤
p(n)
i=1
µ2{B(n)i } ≤ 1.
Set (see (28))
Ψn(x, y) := Φ(t0)n (x, y), (x, y) ∈ I 2. (34)
From (34) and (33) we conclude that for any positive integer n > n0(E)
µ2

(x, y) ∈ E : |Tn(Ψn)(x, y)| ≥ 920ξn(E)

≥ γ1
12
µ2(E). (35)
Set
ψ(u) := uφ(u), u ∈ [0,∞). (36)
Taking account of an assumption on ψ we see that if a number C ∈ [0, 1] then for any x > 0
ψ(Cx)
Cx
≤ ψ(x)
x
and, consequently
ψ(Cx) ≤ Cψ(x), x > 0.
Introduce the sequence of numbers qi , i = 1, 2, . . . , p(n), and a number Qn defined by
qi := ξn(E)
λ
(n)
i
, i = 1, 2, . . . , p(n),
Qn :=
p(n)
l=1
ξn(E)
λ
(n)
l
.
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It is clear that (see (20)) 0 < Qn ≤ 1. The function ψ is a convex function. From (28), (34) we have that for all
(x, y) ∈ I 2
ψ(|Ψn(x, y)|) ≤ ψ

p(n)
i=1
qi | f (n)i (x, y)|

≤ Qnψ

p(n)
i=1
qi (| f (n)i (x, y)|)
Qn
 ≤ Qn
p(n)
i=1
qiψ(| f (n)i (x, y)|)
Qn
.
Now it is obvious that (see (9), (36), (27)) for any n > n0(E) 1
0
 1
0
ψ(|Ψn(x, y)|)dxdy ≤ ξn(E)ϵn(E).
The proof of Lemma 1 (see (34), (35), (14), (27)) is completed.
Introduce a sequence {an(E)}∞n=1 defined by
an(E) := min

1√
ϵn(E)
,

ξn(E)

, n = 1, 2, . . . . (37)
It is clear that (see (8))
lim
n→∞
an(E)
ξn(E)
= 0 (38)
and
lim
n→∞ an(E) = ∞. (39)
By a dyadic interval in I we shall mean an interval of the form
∆(k)n := [k2−n, (k + 1)2−n), (k = 0, 1, . . . , 2n − 1, n = 0, 1, 2, . . .). (40)
Let n, i and j, 0 ≤ i, j ≤ 2n − 1, be nonnegative integers. Set
∆(i, j)n := ∆(i)n ×∆( j)n . (41)
Let Sn denote a finite one-dimensional sequence of all intervals ∆
(i, j)
k where i, j = 0, 1, 2, . . . , 2k − 1, k = 0, 1,
2, . . . , n. According to the following scheme
S0, S1, S2, . . . , Sn, . . . ,
we obtain a sequence of sets
E1, E2, . . . , Ek, . . . , (42)
that has the following properties:
(i) For each positive integer k there exists a triple of non negative integers (n, i, j) where 0 ≤ i, j ≤ 2n − 1, such that
Ek = ∆(i, j)n
and
(ii) for each triple of non negative integers (n, i, j), where i, j = 0, 1, 2, . . . , 2n − 1, there exists an increasing
sequence of positive integers {rp = rp(n, i, j)}∞p=1 such that
Erp = ∆(i, j)n (43)
for every p = 1, 2, . . . .
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By induction we will define: an increasing sequence of positive integers {l j }∞1=1, a sequence of positive integers{R j }∞j=1 and a sequence of positive integers {δ j }∞j=2. Let (see (38)) l1 > n0(E1) be an integer, such that
al1(E1)
ξl1(E1)
≤ 1
2
and ϵl1(E1) ≤
1
4
. (44)
Now let the numbers l1, l2, . . . , lk , R2, R3, . . . , Rk and δ2, δ3, . . . , δk be already defined.
According to one of the conditions of Theorem 3 the superlinear operator Tlk is bounded in measure, that is the set
Q := {Tlk ( f ) : ∥ f ∥1 ≤ 1}
is bounded in measure. According to the definition this means that for each ϵ > 0 there is a constant R = R(ϵ, k)
such that
µ2{(x, y) ∈ I 2 : |Tlk ( f )(x, y)| ≥ R} ≤ ϵ
for any function f such that
∥ f ∥1 ≤ 1.
If now h is any nonzero function in L1(I 2) then the function h∥h∥1 has norm 1 and, consequently
µ2{(x, y) ∈ I 2 : |Tlk (h)(x, y)| ≥ R∥h∥1} ≤ ϵ
for any nonzero function h ∈ L1(I 2). We let (see ()) ϵ = γ1108µ2 Ek . Then for some positive constant Rk+1 independent
of h we will have
µ2{(x, y) ∈ I 2 : |Tlk (h)(x, y)| ≥ Rk+1∥h∥1} ≤
γ1
108
µ2 Ek (45)
for any nonzero function h ∈ L1(I 2).
Introduce the function (see (38), (42))
αk(x, y) =
k
j=1
al j (E j )
ξl j (E j )
Ψl j (x, y; E j ), (x, y) ∈ I 2, (46)
where Ψl j (x, y; E j ) is the function in Lemma 1 corresponding to the integer n = l j and the set E = E j .
It is clear that αk(x, y) ∈ L∞(I 2) and, consequently, the sequence of functions {Tn(αk)(x, y), n = 1, 2, . . .} is
bounded in measure on I 2 according to one of the conditions of Theorem 3. Now it is clear that we can find a positive
number δk+1 such that for all n = 1, 2, . . . we have
µ2{(x, y) ∈ I 2 : |Tn(αk)(x, y)| ≥ δk+1} ≤ γ1108µ2 Ek+1. (47)
Now we define the number lk+1 such that the following inequalities are satisfied (see (38), (39), (8))
lk+1 > lk,
alk+1(Ek+1)
ξlk+1(Ek+1)
≤ 1
2
alk (Ek)
ξlk (Ek)
, (48)
ϵnk+1 ≤
1
4
ϵnk , (49)
3alk+1(Ek+1)
20
≥ max(k + 1, δk+1), (50)
2Rk+1
alk+1(Ek+1)
ξlk+1(Ek+1)
≤ 3
20
alk (Ek). (51)
The sequences {lk}∞k=1, {Rk}∞k=1 and {δk}∞k=2 are now constructed.
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Set
g(x, y) :=
∞
j=1
al j (E j )
ξl j (E j )
Ψl j (x, y; E j ), (x, y) ∈ I 2, (52)
βk(x, y) :=
∞
j=k+1
al j (E j )
ξl j (E j )
Ψl j (x, y; E j ), (x, y) ∈ I 2. (53)
It is clear that (see (48))
I 2
|g(x, y)|dxdy ≤
∞
i=1
al j (E J )
ξl j (E j )
≤ 1
and for all k = 1, 2, . . .
I 2
|βk(x, y)|dxdy ≤
∞
i=k+1
al j (E j )
ξl j (E j )
≤ 2alk+1(Ek+1)
ξlk+1(Ek+1)
. (54)
Introduce the sequence of numbers bi , i = 1, 2, . . . , k, and a number Pk defined by
b j :=
al j (E j )
ξl j (E j )
, j = 1, 2, . . . , k, (55)
Pk :=
k
i=1
b j . (56)
It is now clear that (see (46), (55), (56), (44), (48))
ψ(|αk(x, y)|) ≤ ψ
 k
j=1
b j |Ψl j (x, y; E j )|

≤ Pkψ
 k
j=1
b j |Ψl j (x, y; E j )|
Pk

≤ Pk
k
j=1
b jψ(|Ψl j (x, y; E j )|)
Pk
=
k
j=1
b jψ(|Ψl j (x, y; E j )|), (x, y) ∈ I 2.
It is obvious that the sequence of functions {ψ(kj=1 b j |Ψl j (x, y; E j )|) k = 1, 2, . . .} is increasing and we have
for all k = 1, 2, . . . that (see (14), (49), (55), (37))
I 2
ψ
 k
j=1
b j |Ψl j (x, y; E j )|

dxdy ≤
k
j=1
ξl j (E j )ϵl j (E j )bi ≤
k
j=1

ϵl j (E j ) ≤ 1.
It follows now that the limit of the sequence
ψ
 k
j=1
b j |Ψl j (x, y; E j )|

, k = 1, 2, . . .

,
is integrable on I 2 and this limit is an upper bound of the sequence
{ψ(|αk(x, y)|), k = 1, 2, . . .}.
Consequently, the limit of the latter, that is the function ψ(|g(x, y)|), is also integrable on I 2.
Now let E0 ⊂ I 2 be an arbitrary Lebesgue measurable set, µ2 E0 > 0. It is clear that there exist a triple of non
negative integers (n0, i0, j0), where 0 ≤ i0, j0, ≤ 2n0 − 1, and an increasing sequence of positive integers {kq}∞q=1
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such that (see (40), (41), (43))
µ2{E0 ∩∆(i0, j0)n0 } ≥

1− γ1
216

µ2∆
(i0, j0)
n0 (57)
and
Ekq = ∆(i0, j0)n0
for all q = 1, 2, . . ..
From (52), (53) and (46) we have for all q = 2, 3, . . .
g(x, y) = αkq−1(x, y)+
alkq (Ekq )
ξlkq (Ekq )
Ψlkq (x, y; Ekq )+ βkq (x, y), (x, y) ∈ I 2,
It is obvious that (see (15)) for all q = 1, 2, 3, . . . we have
γ1
36
µ2 Ekq ≤ µ2

(x, y) ∈ Ekq :
Tlkq alkq (Ekq )ξlkq (Ekq )Ψlkq (., .; Ekq )

(x, y)
 ≥ 9
20
alkq (Ekq )

≤ µ2{(x, y) ∈ Ekq : |Tlkq (αkq−1)(x, y)| ≥
3
20
alkq (Ekq )} + µ2{(x, y) ∈ Ekq : |Tlkq (βkq )(x, y)|
≥ 3
20
alkq (Ekq )} + µ2{(x, y) ∈ Ekq : |Tlkq (g)(x, y)| ≥
3
20
alkq (Ekq )}. (58)
According to (47), (50) we have for any q = 1, 2, . . .
µ2

(x, y) ∈ Ekq : |Tlkq (αkq−1)(x, y)| ≥
3
20
alkq (Ekq )

≤ γ1
108
µ2 Ekq . (59)
Using (45), (51), (54) we come to the conclusion that
µ2

(x, y) ∈ Ekq : |Tlkq (βkq )(x, y)| ≥
3
20
alkq (Ekq )

≤ γ1
108
µ2 Ekq . (60)
Taking account of (58)–(60) we obtain for all q = 1, 2, . . .
µ2

(x, y) ∈ ∆(i0, j0)n0 : |Tlkq (g)(x, y)| ≥
3
20
(kq)

≥ γ1
108
µ2∆
(i0, j0)
n0 .
According to (57) now it is easy to see that for all q = 1, 2, . . .
µ2

(x, y) ∈ E0 ∩∆(i0, j0)n0 : |Tlkq (g)(x, y)| ≥
3
20
(kq)

≥ γ1
216
µ2∆(i0, j0)n0 .
Consequently, the sequence of functions {Tn(g), n = 1, 2, . . .} is not bounded in measure on E0.
The proof of Theorem 3 is completed.
3. Proof of Theorem 4
The Walsh–Paley system {wn(x), n = 0, 1, 2, . . .} is defined on [0, 1) in the following way (see, for example
[9, p. 1]). Given a non-negative integer n it is possible to write n uniquely as
n =
∞
i=0
αi 2i , (61)
where αi = 0 or αi = 1. Then (see (4), (5))
wn(x) := Π∞i=0rαii (x). (62)
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We define Dirichlet kernels of the Walsh–Paley system by D0(x) := 0 and
Dm(x) :=
m−1
l=0
wl(x), x ∈ [0, 1), m = 1, 2, . . . . (63)
Let Sm,m( f ; x, y) denote the mth square partial sum of the Fourier series of f ∈ L1([0, 1)2) with respect to the
double Walsh–Paley system (m = 1, 2, . . .):
Sm,m( f ; x, y) :=
m−1
i=0
m−1
j=0
 1
0
 1
0
f (s, t)wi (s)w j (t)dsdtwi (x)w j (y), (x, y) ∈ [0, 1)2. (64)
Set for n = 1, 2, . . .
mn := 22n + 22n−2 + · · · + 22 + 20. (65)
It is known that (see, for example, [10]) if 2 ≤ p ≤ 2n − 2 then
|Dmn (x)| ≥ 2p−2 for all x ∈ (2−p, 21−p).
Introduce a set
Bn :=
2n−2
p=2
(2−p, 21−p)× (2p−2n, 2p−2n+1).
It is clear that
|Dmn (θ)Dmn (η)| ≥ 22n−4 for all (θ, η) ∈ Bn (66)
and
µ2 Bn = 2n − 3
22n
(67)
for all n = 2, 3, . . ..
Let (x, y) ∈ I 2. Consider the set (for the definition and properties of the operation +˙ see [9, pp. 10–13])
Bn+˙(x, y) := {(θ, η) ∈ [0, 1)2 : (θ, η) = (θ1+˙x, η1+˙y), (θ1, η1) ∈ Bn}. (68)
It is clear that if (θ, η) ∈ Bn+˙(x, y) then there exists a point (θ1, η1) ∈ Bn such that (θ, η) = (θ1+˙x, η1+˙y) and,
consequently, (see (66)) we obtain
|Dmn (θ+˙x)Dmn (η+˙y)| = |Dmn (θ1)Dmn (η1)| ≥ 22n−4 for a.e. (θ, η) ∈ Bn+˙(x, y). (69)
It is clear that (see (67))
µ2(Bn+˙(x, y)) = 2n − 3
22n
. (70)
Let E be an arbitrary Lebesgue measurable set, E ⊂ I 2, µ2 E > 0.
We will use Theorem 3 to prove Theorem 4.
We set in Theorem 3
En := E for all n = 1, 2, . . . ,
γ1 := 1, (71)
hn := 2−9n for all n = 1, 2, . . . , (72)
and for each F ⊂ En we set
λn(F) := 22n−4. (73)
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It is clear that (see (12)) for each n = 1, 2, . . . there exists a positive number ϵ′n such that (see (72))
φ(h−2n ) ≤ ϵ′nn
and
lim
n→∞ ϵ
′
n = 0. (74)
Now we set in Theorem 3 for each n = 2, 3, . . .
ξn(E) := 2n − 36 µ2 E, (75)
and
ϵn(E) := nϵ
′
n
ξn(E)
. (76)
It is clear that (see (74)–(76))
lim
n→∞ ϵn(E) = 0 (77)
and
lim
n→∞ ξn = ∞.
We set in Theorem 3 for n = 1, 2, . . . (see (64))
Tn( f )(x, y) := Smn ,mn ( f ; x, y) f ∈ L1(I 2), (x, y) ∈ I 2 (78)
that is clearly superlinear and bounded in measure (see (1), (2)). It is easy to see that the kernel of Tn is (see (61)–(63))
Kn(x, y, θ, η) = Dmn (θ+˙x)Dmn (η+˙y) (x, y) ∈ I 2. (79)
It is obvious that (see (64), (78)) for each f ∈ L2(I 2) the sequence of functions {Tn( f )(x, y), n = 1, 2, . . .} is
bounded in measure on I 2.
Now let F ⊂ E be such that (see (71)) µ2 F ≥ 16µ2 E . Introduce the set
Ω (1)n = {(x, y, θ, η) ∈ F × I 2 : |Dmn (θ+˙x)Dmn (η+˙y)| ≥ 22n−4} (80)
where n = 1, 2, . . ..
It is easy to see from (69), (70) and (80) that for a.e. (x, y) ∈ F
I 2
χ
Ω (1)n
(x, y, θ, η)dθdη ≥ 2n − 3
22n
and, consequently, (see (73), (75))
µ4Ω (1)n =

F

I 2
χ
Ω (1)n
(x, y, θ, η)dxdydθdη ≥ 1
6
· 2n − 3
22n
µ2 E = ξn(E)
λn(F)
. (81)
Introduce the set
Gn =
22n+1
i=1
22n+1
j=1
 i − 1
22n+1
,
i
22n+1
− 1
28n

×
 j − 1
22n+1
,
j
22n+1
− 1
28n

.
It is clear that
µ2Gn ≥ 1− 2
24n
.
Now let (x, y, θ, η) ∈ I 2 × Gn . Then (see (4), (5), (61), (62), (64)) for all n > 16 we have
Smn ,mn (δθ,η,hn ; x, y) = Dmn (θ+˙x)Dmn (η+˙y).
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We introduce the set n = 1, 2, . . .
Θ (1)n := {(x, y, θ, η) ∈ I 4 : |Smn ,mn (δθ,η,hn ; x, y)− Dmn (θ+˙x)Dmn (η+˙y)| > 1}.
It is obvious that Θ (1)n ⊂ I 2 × (I 2 \ Gn) and, consequently,
µ4Θ (1)n ≤
2
24n
.
We note also that (see (79), (61)–(63), (65))
∥Kn(x, y, θ, η)∥∞ ≤ m2n ≤ 24n+2.
Taking account of (77)–(81), (6)–(11)) we can conclude that according to Theorem 3 we have completed the proof
of Theorem 4.
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